SINGULARITIES OF SPACELIKE CONSTANT MEAN CURVATURE SURFACES 
IN LORENTZ-MINKOWSKI SPACE 



DAVID BRANDER 

Abstract. We study singularities of spacelike, constant (non-zero) mean curvature (CMC) 
surfaces in the Lorentz-Minkowski 3-space L'. We show how to solve the singular Bjorling 
problem for such surfaces, which is stated as follows: given a real analytic null-curve foi-x), 
and a real analytic null vector field v(.v) parallel to the tangent field of /o, find a conformally 
parameterized (generalized) CMC H surface in which contains this curve as a singular set 
and such that the partial derivatives and /,■ are given by ^ and v along the curve. Within 
the class of generalized surfaces considered, the solution is unique and we give a formula for 
the generalized Weierstrass data for this surface. This gives a framework for studying the sin- 
gularities of non-maximal CMC surfaces in L^. We use this to find the Bjorling data - and 
holomorphic potentials - which characterize cuspidal edge, swallowtail and cuspidal cross cap 
singularities. 



1. Introduction 

Spacelike constant mean curvature (CMC) surfaces in (2 + 1) -dimensional space-time 
were studied in IS) and ifTSll using a generalized Weierstrass representation whereby the surface 
is represented by a holomorphic map into a loop group. This is an application of the method of 
Dorfmeister, Pedit and Wu (DPW) [TJ for harmonic maps into symmetric spaces. In the non- 
compact case, the Iwasawa decomposition of the loop group, used to construct the solutions, 
is only valid on an open dense set, the big cell. It was shown in [5] that singularities of the 
CMC surface arise as the boundary of the big cell is encountered. Here we will analyze these 
singularities and show how to construct CMC surfaces with prescribed singular curves, and 
prescribed types of singularities, via a singular Bjorling formulation. 

One of the obstructions to the effective use of integrable systems methods for solving global 
problems in geometry has been the break-down of the loop group decompositions used to 
construct solutions. A motivating factor here is to understand and make use of the big cell 
boundary behaviour 

1.1. Singularities of maximal surfaces and fronts. In the context of surfaces in Euchdean 
3-space E^, a frontal is a differentiable map / : E^, from a surface M, which has a well 

defined normal direction, that is, a map n^ : M^^S^ C E^ which is orthogonal to f*{TM^). 
If the map (/,n£) is an immersion, then / is called a (wave) front. A singular point of any 
smooth map / : — > E^ is one where / is not immersed, and singular points pi and p2 
of /i : E^ and /2 : — > E^ are called diffeomorphically equivalent if there exist local 

diffeomorphisms of the corresponding spaces which commute with these maps. A theory of the 
singularities of fronts can be found in Arnold lHJ. Geometric concepts, such as curvature and 
completeness, for surfaces with singularities have been defined by Saji, Umehara and Yamada 
inLLZJ. 
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In this article we will encounter three standard singularities: the cuspidal edge, given by 
/(m, v) — (m^, m^, v), the swallowtail given by (3m^ + m^v, 4m^ +2mv, v) and the cuspidal cross 
cap given by (m, v^, mv^) (Figure[IJ. The first two singularities are fronts, but the third is only 
a frontal. 

Figure 1 . Left to right; Cuspidal edge, swallowtail and cuspidal cross cap. 

A point to note is that if one wants a sensible theory of singularities, for example if one 
would like to classify singularities for a specific type of surface, then one needs to consider 
generic singularities, that is singularities which persist under continuous deformations of the 
surface through the appropriate class. If one considers the class of maps of 2-manifolds 
into 3-manifolds, Whitney showed that generic singularities are cross caps ll20l . 

Fronts and frontals arise naturally within the context of integrable systems - very often it 
is exactly such surfaces, rather than immersions, which are produced via loop group construc- 
tions. Conversely, for many geometric problems, it is more or less unavoidable to consider 
surfaces with singularities: for example it is well known that there is no complete immersion 
of the hyperbolic plane into E^, and for the case of spacelike maximal (mean curvature zero) 
surfaces in the only complete immersion is the plane. For these two examples, generic 
singularities have been classified: for constant Gauss curvature surfaces in E^, Ishikawa and 
Machida I.13J showed that they consist of cuspidal edges and swallowtails; for maximal sur- 
faces in L^, Fujimori, Saji, Umehara and Yamada lfT9lfm showed that the generic singularities 
are all three of those shown in Figure [T] 

Recently there have been a number of interesting studies of maximal surfaces and their 
singularities: the reader is referred to articles such as 12] |9] |8] [TOl [15] [TT] and the references 
therein. Most closely related to the present article are the classification of generic singularities 
lfT9l [TTJ already mentioned, and the work of Y.W. Kim and S.D. Yang |15| on the singular 
Bjorling problem for maximal surfaces. 

1.2. The Bjorling problem. The classical Bjorling problem for minimal surfaces in E^ is to 
find the unique minimal surface containing a given real analytic curve with prescribed tangent 
planes along the curve (see |6|). The solution is obtained from the initial data by an analytic 
extension and an elementary formula in terms of integrals. Since the solution is tied to the 
Weierstrass representation of minimal surfaces in terms of holomorphic data, one has a similar 
construction for regular maximal surfaces in L^, given in 12J, which also have such a holomor- 
phic representation. More generally, Kim and Yang IfTSlI show that there is also a solution when 
the initial curve is null (which implies that the surface is not immersed there). Instead of pre- 
scribing the tangent plane along the curve, one seeks a surface which is conformally immersed 
except along the curve, with coordinates z — x + iy, and where the curve is given by {y = 0}, 
and then prescribes the value of /,„ a null vector field parallel to f^- Note that null vectors 
are orthogonal if and only if they are parallel, so this makes sense in terms of the conformal 
coordinates. One can then use this construction to study the singularities of maximal surfaces. 
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As a generalization of the Weierstrass representations for minimal and maximal surfaces, 
one has the DPW method for CMC // 7^ surfaces in both and L^^. In H, it was shown that 
one could use this method to solve the generalization of the Bjorling problem to non-minimal 
CMC surfaces in E^. It is clear that essentially the same construction works for regular CMC 
// 7^ surfaces in L^, and we will show below that the singular Bjorling problem can also be 
solved for non-maximal CMC surfaces. The main obstacle which needs to be circumvented 
is that the DPW method depends on the use of an 5t/i j frame (extended to the loop group) 
and then a loop group decomposition to go to the holomorphic data. This 5t/i 1 frame is 
not defined along the singular curve, because the (Lorentzian) unit normal becomes lightlike 
and blows up. Below, we will get around this by defining a special SU\,\ "frame", called the 
singular frame, along the curve, the definition of which is motivated by our analysis of the loop 
group construction. 

1.3. The DPW method. The generalized Weierstrass representation for spacelike CMC sur- 
face in follows the same logic as that for CMC surface in Euclidean 3-space: in the maximal 
case, where the mean curvature H is zero, there is a Weierstrass representation in terms of a pair 
of holomorphic functions, just as for minimal surfaces, related to the fact that the Gauss map is 
holomorphic. For the non-maximal case, the Gauss map is harmonic but not holomorphic, and 
one can instead use the holomorphic representation for harmonic maps given in Q. The only 
real difference from the Euclidean case is the non-compactness of the isometry group, leading 
to an incomplete picture of what is actually constructed from the given holomorphic data. For 
more details and references, see 0. 

The DPW construction described in fSl is as follows: A CMC H immersion / : E ^ from 
a Riemann surface into Minkowski 3-space can be represented by a certain type of holomorphic 
map <I> : E ^ ASL{2, C)fj into the twisted loop group of smooth maps from the unit circle into 
SL{2,C). The map <I> is called a holomorphic extended frame for /. In connection with the 
Iwasawa decomposition with respect to the non-compact real form ASU\,\, the loop group 
A5L(2,C)cj can be written as a disjoint union ^1.1 U ^1 U ^2 U ^3 U .... The set is 
open and dense in A5'L(2,C)ct, and is called the (Iwasawa) big cell. As a converse to the 
above statement concerning /, given a holomorphic extended frame, if we restrict to E° := 
(^1,1), one obtains a CMC H immersion into L^. Behaviour of the surface as the largest 
two small cells, iP\ and are approached was examined in fSl, and it was shown that the 
CMC surface extends continuously to <I>^ ' (^1 ), but is not immersed there, and that the surface 
blows up as <I>^'(^2) is approached. 

1 .4. Resuhs of this article. As we are interested in finite singularities, we define a generalized 
CMC H surface to be a map / obtained from a holomorphic extended frame <I>, restricted to 
Ei ;= <I>^'(^i,i U S^i). This includes all regular CMC H surfaces, as one can always find a 
holomorphic extended frame for a regular surface which takes values in the big cell .^i i . We 
know that the singular set C : = where / is not immersed, is locally given as the zero 
set of a non-constant real analytic function. We say that zo G C is weakly non-degenerate if <I> 
maps some open curve containing zq into . This is simply the weakest condition needed to 
consider the singular Bjorling construction, and holds for a generic point in C. 

The main results of this article can be summarized as Theorem |4.1[ Theorem |5.7| and The- 
orem |5]9] The first of these results is the solution of the singular Bjorling problem for CMC 
surfaces in L^. It essentially says that given a real analytic curve /o : 7 — > L^, from some 
interval 7 C M C C, such that ^ is a null vector field, and given a real analytic vector field 
V : y -> which is proportional to then, for any constant // > 0, there is a unique, weakly 
non-degenerate, generalized CMC H surface / satisfying f\j = fo and §^ |y = v. It also gives 
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a formula for the holomorphic potential for the surface in terms of analytic extensions of the 
data specified along J. 



The other two results mentioned. Theorems 5.7 and 5.9 give the conditions on the Bjorling 
data for the singularity at a point zo G to be diffeomorphic to a cuspidal edge, swallowtail or 
cuspidal cross cap. The conditions are simple: for the given Bjorling data, one can always write 
— s [cos 0, sin 0, 1 ] and v{x) = t [cos 0,sin0, 1 ], where s, t, and d are M-valued, and we 
assume that s and t do not vanish simultaneously to avoid branch points. Then s{Q) 7^ 7^ f (0) 
corresponds to a cuspidal edge at the coordinate origin; i(0) =0 and i'(0) ^ corresponds to 
a swallowtail; f (0) = and f'(0) 7^ is a cuspidal cross cap (see Figure|2jl. 





Figure 2. Left: a CMC swallowtail singularity, computed numerically 
from the BjorHng data s{x) = x, t{x) = 1, 0{x) = O.OOOlx. Right: a 
CMC cuspidal cross cap, computed from the data s{x) — \ — x, t{x) — x, 
Q{x) = 0.001.*:. The images have been rescaled in the direction 62 + e^. 



1.5. Open questions. It appears plausible that the three types of singularities just mentioned 
are the generic singularities for CMC surfaces in L^, just as was shown for maximal surfaces 
in 1 11 1. To prove this using the constructions here, one would first need to show that generic 
singularities do not occur on higher small cells for j > 2. This seems likely, because 
the codimensions of the small cells £Pj in the loop group increase (pairwise) as /' increases. 
Regardless of genericity, knowledge of the behaviour of the surface close to such points would 
also be interesting to have. 



1.6. Alternative approaches: the Kenmotsu formula representation. An alternative to the 
DPW method is the Kenmotsu formula fl4\ for CMC surfaces in E^, adapted to spacelike 
CMC surfaces in by Akutagawa and Nishikawa in 0]. This is also a generalization of 
the Weierstrass representation for minimal/maximal surfaces, as a formula in terms of the 
harmonic Gauss map. In contrast to the DPW method, one is still left with the problem of 
constructing the harmonic map. The Kenmotsu- Akutagawa-Nishikawa approach has been used 
by Y. Umeda 1 18 1 to study CMC surfaces with singularities in L^, giving the conditions on the 
harmonic Gauss map corresponding to cuspidal edges, swallowtails and cuspidal cross caps, as 
well as some examples. It is stated as an open problem whether or not a CMC cuspidal cross 
cap exists: here we give a positive answer to this question, and, in principal, construct all such 
singularities from their Bjorling data. 
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2. Background material 

This section is a short summary of results in [5J. We use mostly the same notation and 
definitions here. Notational convention: If X is some object with values in the loop group, 
with loop parameter A, then dropping the hat means the object is evaluated at A = 1: 



1=1 



2.1. The loop group formulation for CMC surfaces in L^. We use the basis 
1\ /O i\ fi 



'''■=^1 Oj' oj, ^3:=^o 

for the Lie algebra sui ^ . With respect to the Killing metric, (X, F) = jtrace(Xy ), these vectors 
are orthogonal and normalized as foUows: 

(ei,ei) = (62,62) = -(63,63) 1, 

so we identify sui.i with the Lorentz-Minkowski space = and also use the notation 
[a,b^cY — ae\ +be2 + ce^ for a point in L^. 

Let G be the subgroup of SL{2,C) consisting of elements of either SUi^i or of iei ■ SUi^i, 



(2.1) G = 



a b 
eh ed 



a, b eC, e{aa — bb) = 1, £ = ±1 



The Lie algebra of G is g = sui j . 

The twisted loop group :— AGa consists of maps, x : ^ G, from the unit circle into 
G, such the diagonal and off-diagonal elements of the matrix are even and odd functions of 
the parameter A. All loops are of a suitable smoothness class so that the loop groups are 



Banach Lie groups. An element of can again be written as in (2.1 1, where now a and b 
are respectively even and odd functions of X. We will generally be considering loops which 
extend holomorphically to an annulus around and for these the holomorphic extensions of 
d and ^ respectively have Fourier expansions a* (A) := (fl(l/A)) andb*{X) := {b{l/X)). We 
can write 

'^:=AGa = ^iU'^_i, 
where the e in corresponds to that in ( |2.1[ i. We also have '^i — ASUij and '^^i = 
• '^i. The Lie algebra, Lie{'^) — Lie{'^i), of consists of loops of matrices 
with analogous properties to those in replacing the determinant 1 condition with the trace 
zero condition. 

The complexification of ^ is '^'^ :— ASL(2,C)a, the group of loops in 5'L(2,C) which 
again have the twisted condition on diagonal/off-diagonal elements mentioned above. Let 
D± := {A e C U {°o} I |A|±^ < 1}. Three subgroups of that we also use are: 

-^f := {B e 'F/'^ \ B extends holomorphically to D±}, 
:= {B e I B\^^^ = (l ;_,) , p e M, p > 0}. 

Let E be a simply connected non-compact Riemann surface, and suppose / : E ^ is a 
conformal spacelike immersion with constant mean curvature // 7^ 0, or an //-surface. Without 
loss of generality, we assume that // > 0, the sign being a matter of orientation. If z — x + iy 
is a local coordinate, there is a function m : E — > E such that the metric is given by ds^ — 
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4e^"(dx^ +dy^). The coordinate frame F : 1. ^ SUi^i is well defined up to premultiplication 
by ±7, by 

(2.2) FeiF-i = A, Fe2F-^ = ^ 

\Jx\ iJyl 

Choose the conformal coordinates x and y such that the oriented unit normal is then given by 
N = Fe^F-K The Hopf differential is defined to be Qdz^, where Q := {N,f,,) = -{N„f,). 
The Maurer-Cartan form, a, for the frame F is defined to be a : = F~^dF = Udz + Vdz, where 
the connection coefficients U ■.= F~^F^ and V := F~^F| are given by 



The compatibility condition da + a Aa — Ois equivalent to the pair of equations 

(2.4) u^-H^e^" + l\Q\^e-^" = 0, Q^ = 2e^"H,. 

The above structure for U and V are verified by a computation, using H = \e~^"'{fxx + fyy,N), 
and 

(2.5) /. = 2^"^-(o /. = 2."F.(J ^^F-^ 

We can insert an parameter A into the 1-form a, defining a fanoily a := f/dz + Vdz, 
where 

.9 6, r7_l/^ -2i7/e«A-»\ ^_1/ -u, -ie^QX 

^ ' 2 \ie-"QX-^ -u, J' 2 \2iHe''X 

Then the assumption that 7/ is constant is equivalent to the integrability of a for all A. Hence it 
can be integrated to obtain a map F : Z — )• . Supposing that our coordinate frame F defined 
above satisfies F{zq) = Fq, at some point zo, we integrate a with the same initial condition, 
and call the map F : E — >^ thus obtained an extended frame for the ^/-surface /. 
The Sym-Bobenko formula is the map -.^ ^ Lie{^) given by: 

(2.7) ^(^)— 2^(^^3F-+2'^i^"0- 

We write S^x-'^^'^^ for the map given by evaluating this at A e . If F : Z '^i is an 
extended frame for an //-surface /, then, up a translation in L^, the surface is retrieved by 
applying the Sym-Bobenko formula at A = 1: 

f = .Yi (F) + translation. 

This is verified by computing yi{F)^ and ^i(F)2, using the matrices U and V. The same 
computation shows that Y'x^^{F) is also an //-surface for any Aq G For such computations, 
note that if 



G-ia=l„7_, 1, G-'G 



Mo CCX ^\ A-IA _ /-MO J3A 



^ \/3A ^ -MO y ' ^ \^aA MO 

and we set = y^iG), then one computes the following formulae: 

(2.8) G /. Q 1, G /, G--l__^ Q 
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One can also define a CMC surface with extended coordinate frame F in the other half of 
the loop group, "^-i, by integrating the 1-form f/dz + Vdf with the initial condition 

/A' 







Since S^iy^F) = Adiy^(f') + translation - where Adx denotes conjugation hy X - and Advi' 
is an isometry of L^, this is also a CMC surface. If F is the frame obtained with the initial 
condition F{zo) = I, then the relation between the surfaces obtained at A = 1 is ^i{F) = 
Adw\^_yyi{F) + translation. The coordinate frame for/ — .5^\{F) satisfies FeiF\^_^ = ^ 

andFe2F|^^^ = ^. 

More generally, one can show (see, for example, the analogous argument in fA\): 

Lemma 2.1. If F '.Y, — '^-i is a real analytic map the Maurer-Cartan form of 

which has the form 

(2.9) p-^dF = a-idz?.-^ +pdz + fdz, 

where the loop-algebra valued functions ji and f extend holomorphically in A to the unit disc, 
and with the regularity condition [(X-\\\2 ^ 0, then the map f^ = .S^XaiP) "^n H -surface in 
iJ, and the coordinate frame for this surface is given by F — F\xgD, where D :T, G is a 
diagonal matrix-valued function. 

Note that the Sym-Bobenko formula is invariant under gauge transformations F FD, 
where D is constant in A and diagonal. It also follows from the fact that the 1-form F^^dF of 
Lemma 2. 1 takes values in Lie{'^ ) that, in fact, 

F'^dF = a_idzA"' + a()dz + T(ao)dz + T(a_i)dzA, 

where the involution T that defines g — sui i as a real form of s[(2,C) is given by: 

'1 



T(X):=-Ad„X', 



-1 



2.2. Construction of solutions via the DPW method. By Lemma 2.1 the problem of con- 
structing a conformal spacelike CMC immersion / : E ^ is evidently equivalent to the 
problem of constructing a real analytic map F : E — > such that F^^dF is of the type given 
by ( |2.9[ ). The DPW construction does exactly that, beginning with an arbitrary holomorphic 
map * : E ^ '^"^ which satisfies <I)-id<l>= (^_iA"^ + j3o + ...)dz. 

In order to explain this, we first need to state the Iwasawa decomposition of Define, 
for a positive integer m e Z+, 

M 0\ fl A'-" , 

(On, = K 1 ) ' ° ' ^ I 1 ' ' 

Theorem 2.2. (SUij Iwasawa decomposition |[5]j 
(1) The group 'W'^ is a disjoint union 

(2.10) '^^ = ^i,lU □ ^m, 

where 

m,i -.^^ -^^^ 

is called the big cell, and the n-th small cell is: 

(2.11) ^„:=^i-0)„-'^f . 
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(2) In the factorization 

(2.12) ^^FB, Fe'^, Be'^f, 

of a loop <I> e -^1,1, the factor F is unique up to right multiplication by an element 
of the subgroup of constant loops in ^ . Both factors are unique if we require 
that B e '^P^, and with this normalization the product map ^ X 'ij^ ^ SSl^l is a real 
analytic diffeomorphism. 

(3) The Iwasawa big cell, is an open dense subset of The complement of 
^1,1 in is locally given as the zero set of a non-constant real analytic function 



C . 



It is clear from Theorem 2.2 that the big cell SS\ \ is naturally divided into two disjoint open 
sets corresponding to whether the element F is a loop in SIJ\,\ or in ie\SU\,\. We denote these 
subsets by SS^^ and SS^^ respectively. 

Now it is easy to check that if 4> : E ^ C '^'^ satisfies 4>"'d4>=: (j3_iA"^ +j3o + ...)dz, 
and <I> = FB is an Iwasawa factorization of <I>, with F e then F^^dF is of the required 
form (2.9 1. That is the essential point behind the generalized Weierstrass representation for 
//-surfaces which will be stated in the next theorem. 

Definition 2.3. A standard (holomorphic) potential on a Riemann surface E is a holomorphic 
1-form ^ e Lie{'^'^) ®Q}-^{T.), the Fourier expansion of which begins at A^'." 

I = £ Avl'dz, A : ^ ^ sl(2,C), holomorphic, 

i=-i 

and with the regularity condition on the (1,2) component o/j3_i." 

[/3-i]i2(z)^0, VzeE. 

Tlieorem 2.4. Let ^ be a standard holomorphic potential on a simply-connected Rie- 

mann surface E. Let <t> : E — > be a solution of 

<l>"'d4> = |. 

Define the open set E° := <I>^^(^i i). Assume that the map <I>, maps at least one point into 
SS\\, so that E° is not empty, and take any G-Iwasawa splitting pointwise on E°.- 

(2.13) ^^FB, F€<^, Be^_f. 

Then for any Ao G the map f^ :~ ■S^Xq{F) : E° — ;> L^, given by the Sym-Bobenko formula 
p.7| l, is a conformal spacelike CMC H immersion, and is independent of the choice ofF G 
in dZTi] ). 

Conversely, let Y, be a noncompact Riemann surface. Then any non-maximal conformal 
CMC spacelike immersion from E into I? can be constructed in this manner, using a holomor- 
phic potential t, that is well-defined on E. 

We call <fr a holomorphic extended frame for the family of surfaces It is also true that 



if we normalize the factors in (2.13 i so that B e '^J, and define the function p : E° — > M by 
B\x=Q — diag(p,p^^), then there exist conformal coordinates z—x + iyonT. such that the 
induced metric for /' is given by 

ds^ ^'\p\dx^+Af), 
and the Hopf differential is given by Qdz^, where Q = —2//—. 
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2.3. Behaviour of the surface at the boundary of the big cell. Theorem 2.4 says that a 
standard holomorphic potential £, corresponds to an //-surface, provided we restrict to E° = 
4>"^(^i,i). Now set 



-I 



-1/ 



*"'(^2). 



Theorem 2.5. IS] Let <!> be as defined in Theorem 2.4 Then 



(1) E° is open and dense in E. More precisely, its complement, the set is locally given 
as the zero set of a non-constant real analytic function E — > C. 

(2) The sets E° U "^^i and E° U <^f^ both open subsets ofL. The sets and cire each 
locally given as the zero set of a non-constant real analytic function E — > M. 

(3) All components of any matrix F obtained by Theorem \2.4\ on E°, and evaluated at 
Ao e S', blow up as z approaches a point zq in either or '£2- In the limit, the unit 
normal vector N, to the corresponding surface, becomes asymptotically lightlike, i.e. 
its length in the Euclidean space M? me tric a pproaches infinity. 

(4) The surface f^ obtained from Theorem '. 



2.4 



extends to a real analytic map E° U 



L^, but is not immersed at points zo G ' 
(5) The surface diverges to °° as z ~^ Zq & ^€2. Moreover, the induced metric on the 
surface blows up as such a point in the coordinate domain is approached. 

The arguments given in ||5l to prove those parts of the above theorem involving '^i and '^2 
all depend on an explicit Iwasawa factorization of an element of the form BOi, where B is an 
arbitrary element of '^f:. We will use this explicit factorization again several times below, and 
so we recall it here: 



' a b 

.c d 

Then there exists a factorization 



Lemma 2.6. |5| Lef B 







p- 



M 
V 



A +o(A^) be any element of 



(2.14) 



Bm =XB\ 



where & G 'W'^ andX is of one of the following three forms: 



u 

A-i 



vA 
u 



k2 = 



u 

-vA" 



vA 



1 

'A- 



where u and v are constant in A and can be chosen so that the matrix has determinant one, and 
G M. The matrices k\ and k2 are in ^ , and their components satisfy the equation 



(2.15) 



Im + pIIpI 



The first two forms occurs when B(£)\ is in the big cell and the third form occurs if and 

only if BcOi is in the first small cell, The three cases correspond to the cases +p)p| 
greater than, less than or equal to 1, respectively. Moreover, if B(0\ is given locally by a real 
analytic map either from M} — >■ or from M — >■ then the factors X andB' can be chosen 
to be real analytic. 
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Proof. One can write down explicit expressions as follows; for the cases + p)p\^ > 1, 
where e = ±1, the factorization is given by 

u vA^ 



(2.16) , 

eubX —dv + eua — vcX beu — vdX 



—evbX ^ + {—eva + ud)X ^+uc —bevX ^+ud 



One can choose u and v so that e{uu — vv) = 1 and such that B' e the latter condition 
being assured by the requirement that | = e(/x +p)p. Once such choice is 

(2.17) y ^ ^ , M = e(/i+p)pv. 



iM+priPi -1 

It is straightforward to verify that XB' = Bo)7 ' . 



For the case | (/z + p)p | = 1, use 

M vX 
u 



X 

(2.18) 



and 




^, f ubX ^ — dv-\-ua~ vcX bu — vdX 

\ybX^'^ + [va + ud)X^'^ + uc bvX^^+ud 

and choose " — —{ji +p)p. One can choose u — ^ and v — ^((M +P)p)^' = 

u vX 

-vA^' M 

Pushing the last factor into B' then gives the required factorization. In this case, Bco^^ is in 
^1 , because it can be expressed as 

The claimed analytic properties of the factors are satisfied for the explicit choices of u and v 
given above, because the expression (/z +p)p is real analytic. □ 

3. The Weierstrass representation for surfaces with singularities 



Theorem 2.5 states that singularities occur at points which are mapped into ^i, and that the 
frame F is not defined at such points. In this section we define an alternative extended frame 
Fft) which does not blow up at singular points. This will be used in the next section to solve the 
singular Bjorling problem. 

Let n : ^i.i — > j'^^ denote the projection defined by taking the equivalence class of P 
(under right multiplication by elements of ^'') in the Iwasawa factorization <I> = FB of <I> e 
.^1,1. Since the Sym-Bobenko formula is invariant under right multiplication by constant 
diagonal matrices, ■.'^ j — > Lie{^ ) is well defined, and we can extended it to a map 

Again we define the map ,5^x ■ ^i.i ^ by evaluating this at A g The crucial fact 



that is exploited here and in ISJ - and is proved using Lemma 
4>a)f ' e ^1,1 then 

(3.1) i^(<l>cof') =^(4>). 



2.6 



is that if 4> e =^1 1 and 
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Thus, if <I> : E — > and <i>(zo) = Wi G then we can just as well consider the map := 
Oof ^. Then ^a{z) G ^1,1 in a neighbourhood of zo, and if <t> is a holomorphic extended 
frame, then so is <t>a) - for the same family of surfaces . On the open dense set <t>^ ' (,^1 1 ) n 
4>^'(^i,i), we have = and so it is valid to define 

Any element of is of the form FqCOiBq, and essentially the same argument can be used 
to define /^(zo) when 4>(zo) has this form. Hence one can define a real analytic map : 
<l>"^(^i,i U^i) ^ L'^ which is an immersed CMC H surface on <l>"'(^i4). 

Definition 3.1. Let Y, be a simply-connected Riemann surface, t, a standard potential, and 
<l> : E the map obtained by integrating <I> 'dO = t, with an initial condition 4>(zo) = 

<f>0 G Assume that ^{w) € SS\,\for at least one point w € E. LetlLs C E i>e the open dense 
subset given by E,, = <I>^ ' (^1 , 1 U ), and define, for any A G S ' , 

/^:E,^l3, f\z)=^)^{Hz)). 

We call the map f^ - and, more generally, any map from a Riemann surface into which has 
such a representation locally - a generalized constant mean curvature H surface, or generalized 
//-surface, in L^. 

3.1. Singular liolomorpll ic po tentials and frames. For a typical generalized //-surface we 
can expect, from Theorem 2.5 Item[2] that the singular set = «t>^'(i3^i) is a curve, and we 



can deduce from Item[3]that this curve must be a null curve, wherever it is regular. 

It is clear from the preceding discussion that one may construct a generalized //-surface with 
a singularity at zq by integrating a standard potential ^ with the initial condition <t>(zo) = Ci, 
provided that the resulting complex extended frame <I> does satisfy ^(z) G .^1,1 for some z- 
Alternatively, supposing we did this, there is also the translated map <t>(B = <i>a)f ' - which 
may be more natural because 4>(j)(zo) = I and so this maps a neighbourhood of zq into the big 
cell. 

We first analyze the Maurer-Cartan form of 4>o), given that ^ is a standard potential, which 
has the general form: 

M *-»^{(.", °o')^-'+Co -Ml 'M"^''->Y- 

where is non- vanishing. For <t>(u = <t>a)f \ the above expression is equivalent to 



Co — ai \ f a 



-co+fli J \b\ J J 

Now consider the special case that ^a{z) G ^ for z G M. Then the Iwasawa factorization 
of Oft) along M, is just = ■ L and therefore the Iwasawa factorization of <I> for z G M is 
just <I> = Oft) • Oi • /. In other words, such a holomorphic frame maps the real line into 
The assumption is equivalent to demanding that <t>g,^ ^^(x,0)dji: has coefficients in Lie{^), 
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)a-2 + 














^ 













which imphes that it must be of the form: 

" IMo 

where a and b are maps M — )• C while r : M — M, and all functions are restrictions to M of 
holomorphic functions. Hence, the Maurer-Cartan form of Oct, is a holomorphic extension of 
this: 

Definition 3.2. Let "LcCbe a simply connected open subset which intersects the real line in an 
interval: E n M = 7 = {xq,x\), and contains the origin z — Q. A standard singular holomorphic 
potential on E, is a holomorphic 1-form on E that can be expressed as: 

b\ , fa Q\ ,2 . fO 



where a, b and r are holomorphic on E, the restriction of r to J is real, that is r{z) — r(z), and 
a and b are holomorphic extensions of the restrictions d\-^ and b\^, that is d(z) = a{z), and 
b{z) = b{z), with the regularity condition: 
(A) a{z) non-vanishing on E. 

Define the singular holomorphic frame corresponding to to be the map : E ^ 
obtained by solving the equation 



Set 



<I> := OfflWi, 
E° :=<I>-i(^i^i), C:=^-\^x), E, :=E°UC. 

Note that <I>(0) ~ (Oi ^ so it is not clear that E° is non-empty. 

Tlieorem 3.3. Suppose ^o, is a standard singular holomorphic potential given by Definition 



3.2 and suppose that E° is non-empty. Then 

(1) E° is open and dense in E. 

(2) Ej is also an open dense subset ofY,. For any A € the map f^ : E.y — > L^, given by 

is a generalized constant mean curvature H surface. 

(3) The restriction f^\^,:I,°^ V is a spacelike CMC H immersion. 

(4) The map f is not immersed at points z € C, and the interval J — E n M /.? contained 
in the singular set C. Moreover, f^ |^ is either a single point or a real analytic null 
curve which is regular except at points where Re(flA^^) — 0. 

(5) A condition that ensures that E° is non-empty is: 
(B) r — lmb not equivalent to zero on J — ILnM.. 
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Moreover, on a neighbourhood in E of a point zo G J, such that r[zo) — \mb{zo) 7^ 0, 
the sets C and J coincide. 



Proof. Items l]|3 : The Maurer-Cartan form of <f> = OraOi is given by 

ir + b aX^^+bX—aX^ 
^2iU{b-h)-r)X-^ -ir-b 



(3.5) 



and we assumed a is non-vanishing, so this is a standard holomorphic potential. Since ^a, is 
Lie{^ )-valued along M, it follows that <I>o) maps 7 C M into . Therefore <I> = (£)\ maps 
J into by definition of . Hence items T|[3 follow from Theorem 2.5 and equation ( 3. 1 1 
above. 

Iteni|4j The first statement follows from Theorem |2. 5 1 so we are left with the second statement 
concerning the regularity of |^. 

First, since 4>ft)(z) G C .^i.i for real values of z, it follows that the set W ~ O^^' (.^i.i ) is 
open (and, in fact dense, see the proof of Theorem 4.1 of 1 5 1) and contains J. Hence, pointwise 
on this set, we can decompose 



0. 



We will call a singular frame for . Since Ba, is normalized, the factors Fa, and Bo, depend 
real analytically on z, and we can write 



Bo 







p- 



M 
V 



where p is a positive real valued function, and /i and v are 
<I> — Fa,Ba) COi , and since Ba = / along J, we have, for zE J, 



o{X'), 

valued. Now on W, we have 



dp 




-2dp 





dv 



d/i 




X+o{X^ 



Because Fa is ^ -valued, it now follows from equation ( 3.4 1 and the reality condition defining 
that, for z e 7, 



Fco'dFa, 



and it is necessary that 



b 
a 





-a 

ir 

-ir 

b 
a 



Adz- 



dz- 
X- 





dv 



-a 
fl 

dp 

-p-^dp 





a 
b 



dz 



A^ ^dz" 



djU 





A = 



b 
a 



Adz. 



The (1,2) component of this matrix equation is equivalent to 

ptx = 0, lly = lib. 



The reality condition for F^, dFiu also requires that the (1,1) component of the term constant 
in A is pure imaginary, so 

ir{dx + idy) — p^dx — Pydy — i[pdx + qdy), 
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for some real functions p and q. The real part of this equation is equivalent to 

Px = 0, Py = -r. 

Writing the (1,1) term as /rdz — ( — r ) dy = ^ dz + ^ dz, we have j ust seen that, along J, the 
singular frame has Maurer-Cartan form: 

F^^dPa, = J7«dz + V„dz, 

,,,, . _/ -flA-2 + f flA-1 \ . _/f+flA2 bl-aX^ 

(3.6) l^_^^-3+^^-i «A-2-fj' ^''^y dX ~'i-dX^ 

Differentiating the Sym-Bobenko formula \2.1\, we obtain 



and similarly, 



2iaX ^ / 






H ' 












H 


a-. 





Adding and subtracting these equations leads to 



(3-7) /^fl) fxF(o - I. -1-1 



H \iX 

A T™ / 

-1 rX 



-I 



4Im(flA-2) / / _/A 



—I 



Now, since Fa){z,z,X) is an element of it acts by isometrics on sui^i = L^, and it follows 
that and are parallel and null. Moreover, e is the zero vector if and only if 
Re(aA-2) =0. Since a is holomorphic, either the real part of aX ^ is equivalent to zero along 
the real line, in which case f^{J) is a single point, or Re(aA^^) has isolated zeros on 7, and 
/''■ 1^ is regular away from these zeros. 



Itein|5| By Lemma 2.6 <I> is in the big cell if and only if 



(3.8) h:=\pL+p\^\p\^-l^Q. 

Now we know that for z G 7, we have p — I and /i =0, so/i — |/i + pp|pp — 1 = along J as 
expected. To guarantee that E° is non-empty, we need to ensure that h is not constant, and for 
this it is sufficient to require that |^ 7^ at at least one point z S 7. Using the above expressions 
for Py and pLy, and p = 1, /i = 0, one computes 

— = 4p, + ^,. + Mv 
dy ... 

= -4r + 4Im/7. 

If this expression is non-zero at zo G J, then it is also non-zero on a neighbourhood ,yV of zo, 
and, because h — Q and hy 7^ on 7 n ,yV it follows that, taking ,yV smaller if necessary, the 
zero set C n JV of h\ ^ is precisely J n ^/K. □ 

Note: From here on, to simplify notation, we consider mainly f ^ , rather than for 
other values of Aq e We will also use the convention X :=X\^_^,\fX depends on A. 

One has the following formulae for the metric and Hopf differential of the surface just 
constructed; 
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Lemma 3.4. Let f = •yi{^m) — ■ T,s ^ 1? be a generalized H-surface constru cted 

from a singular holomorphic frame, factored on 4>£j' (^i.i ) as = FaBa, as in Theorem 
and write the Fourier expansion of the matrix valued function Bq, G "^PP as: 



3.3 



Br, 



P 

p-i 



^ 
V 



X + o{X- 



Lef E± '(^f J ). Then: 



(3.9) 
(3.10) 

(3.11) 



(1) The metric ds^, induced by f on (^i.i ), is given by the formula 



ds' 



g = ee" 



H 



e(z) = ±1, forzeE±, 



The function g is real analytic on <I>^'(^i i) \ M, one/ extends as a C' function 
across the real line. It has the following values at a point zo € H <I>^' )." 



^ = 0, 



dx 



= 0, 



dg 4\a\{lmb-r) 
dy ~ H ■ 



(2) The Hopf differential on O^' (^i,i ) is given by Qdz, where 
(3.12) Q=^{b-b-2ir) 



Proof Item[l| On<I>^>(^i,i)n<l>-'(^Li) we have, using Lemma 

<I> = FcoBcoCOi=Fo,XB' 
- FB. 



2.6 



where F = eFioX, B = eB', and X and B' are given in equation (2.16 1. Writing the Fourier 
expansion 





B 



-o(A), 



the choice of u and v in B' given in Lemma 2.6 gives the formula (3.10l for X- Since X > 
this is the unique Iwasawa factorization <t> = FB with B e "^J. 
Using this, and the expression (3.5 i for O^'dO, one obtains 

p-^dF = BO 'd4>B"^ +BdB ' 

^2^2 



-2/ 



.-^-2/r)A 



-1 



To calculate the metric, the formulae (2.8 i, at A = 1, for /j and then give: 



A = 



2i 







if 



-FceiF^ 



where 
(3.13) 



Fc:=FD, 



D 



>4 + f) 
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A well-defined choice for the function (j) can be made because a is non- vanishing on the simply 
connected set E. Similarly we have 



fy 



H 



-Fce2F^ 



It follows that Fc is the coordinate frame defined by equations (2.2i and that 2e" = ^ ' 
(recalling that we have assumed H is positive), which gives the formula (3.9 1 for the metric. 
The factor e is included to achieve continuity of the derivatives of g across M. 

The function g = £^-ff^ is real analytic everywhere on <l>^'(^i.i) \J, because p and a are 
non-vanishing and g is non-vanishing on this set. It has the limiting v alue z ero for z ~> J, 
because p |^ = 1 and iJ.\j — 0. To compute the limits of the derivatives at ( 3. 11 1 for real values 

of z, one can differentiate the formula x — \^ £ (|M +pP ^P^^)' with e = ±1 for z <E E ^, an d 
use the equations ji^- — Px ^ 0, jJ-y ^ 2ib, Py —r, found in the proof of Theorem '. 
Item|2| The standard coordinate frame Fc^ found above, satisfies 



3.3 



Fr'dFc 











-1 



d2 + o(l), 



= Udz + Vdz, 



where U is given at (2.6 1. Comparing the off-diagonal components of the above matrix with 

/2_ e"H 



those of U, and using x = we have 



lal He 



M ^ 



-2ir) = -ie-"Q, 



which is the expression (3.12 1 for Q. 



□ 



3.2. The converse of Theorem 3.3 Next we show that every generalized //-surface that con- 
tains a curve in the coordinate domain of its singular set can be locally represented, around that 
curve, by a standard singular holomorphic potential. 

If <i> : E -> '2^"' is a holomorphic map, and <t> maps at least one point into .^i j, then, 
according to Theorem 2.5 the singular set C — <I>^' (^^i) is locally given as the zero set of a 
non-constant real analytic function /z : — > M. In our setting, h is given by the formula ( 3.8 1, 



h := lAi+phpp-1. 



Definition 3.5. A point zq G is said to be a non-degenerate singular point if the 

derivative map dh has rank 1 at zq, and degenerate if dh = 0. If at a point zo € ^^^{^i) 
we have the milder condition that there exists a real analytic curve y : (—5,5) — > 1^, for some 
5 > 0, with 7(0) — zqi and 7((— 5, 5)) C <I>^^ (^1 ), then we call zq weakly non-degenerate. A 
generalized H-surface is non-degenerate or weakly non-degenerate if all singular points have 
the corresponding property. 



For a surface constructed via Theorem 3.3 the non-degeneracy condition is \mb — r 7^ 0. 



Theorem 3.6. Let f : E.^ be a generalized H-surface with a corresponding standard 

potential t, and holomorphic extended frame <I>, with f = ('!>). Let zo G C = 4>^' (<!3^i) be a 
weakly non-degenerate singular point. Then, on an open set H C E^, containing zo, there exis t 
conformal coordinates and a standard singular holomorphic potential ^a, of the form ( 3.4 \, 
with corresponding singular holomorphic extended frame ^co, such that f is represented on Q. 
by the surface ,5^\ a)- 
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Proof. If zo G C and <i'(zo) = (0\Bq is the Iwasawa factorization, set ^(o{z) = ^{z)Bq^ a)f 
Then 4>(o(zo) = Fq e ^1,1, so locally we can Iwasawa factorize «fra)(z) — Fco{z)Bco{z), with the 
two factors in ^ and respectively. Now 

(3.14) <l>(z) = 4>„ (z) OJiBo = ^fl, (z) Bfl, (z) «iBo, 

and this is in the big cell precisely when Bm{z) (0\ is. As zq is weakly non-degenerate, there is 
a curve through zq which is mapped by <I> into ,^1 . After a conformal change of coordinates 
(taking a smaller neighbourhood if necessary) we can assume that this curve is an open interval 



J on the line {y = 0} C C, and that zq is the origin. By Lemma 2.6 we can, on the interval J, 
write 

Ba,ix,0)coi=Re{x)(OiB{x), Re{x) '-^ i ^ ^ieixyi)^'^^ B{x)e^^, 



where Rg and B are real analytic in x. Substituting into equation ( 3. 14 1, this means 

^J{x)^F,{x)cOlB,{x), F,{x):^Foy{x,0)Reix), B,{x) -.^ B{x) Bq. 

Now, by extending 9{x) analytically, Rg has a holomorphic extension Rg : Q. '^'^ to some 
open set Q. containing /. Similarly, since the Maurer-Cartan form of fiojy, has only a finite 
number of real analytic functions in its Fourier expansion in X, this map also has a holomorphic 
extension to a map fa, ; H — > taking Q. sufficiently small. Therefore = toj"' '^e' ' 
^ffl '|y ' extends holomorphically to amapB* : i2— > given by B*(z) = Of' ■Rg^{z) ■ 
Fm^iz) • ^{z)- This allows one to define a holomorphic map 

Mz)b:Hz) 

= Fa>{z)Rg{z)coi. 

This has the property that ,y{\(f{z)) = J^(4>(z)), because Bf '(z) S '^f' and therefore has no 
impact on the Iwasawa decomposition of <I>. Moreover, it is easy to verify that ^'^'d^' is also a 
standard holomorphic potential, because right multiplication by a holomorphic map into 
preserves the relevant properties. Finally, consider the translate, 4' a :— By definition, 

we have 

'^co\jix)^F,{x) e 

Hence, as shown in Section |3.l[ it follows that ■= ^a^d^m is a singular holomorphic 
potential of the form given by p.4[ ). By construction, we have, on the open set i2, 

□ 

4. Prescribing singularities: the singular Bjorling problem 

We showed that if / : Ej ^ is a generalized //-surface, and zo G is a weakly non- 
degenerate singular point, then, at least locally, / can be constructed from a singular frame Fa 
which satisfies the equations (|3.7|, which, at A = 1, are: 



, -4Re(fl) , , , 4Im(a) , 

(4.1) F^'f,Fa= ^^' {-e2 + e,), F^' fyF^ = {-e2 + e,). 

The singular Bjorling problem can be stated as the task of constructing the singular frame Fa 
- and hence the surface - given that we only know / (and therefore f^, if x is the parameter of 
the curve) and fy along the singular curve. 
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So suppose we have an open set il C C, with coordinates z = x + iy, and such that / = 
finM = {xi;X2) is a non-empty open interval containing the origin. Suppose there exists a 
generaHzed //-surface f : Q, ^ 1?, satisfying the BjorHng data along J, and with associated 
holomorphic extended frame <I>, such that <t>(7) C Since the vector fields and /,. are 
both necessarily null and parallel along J, we can, on this interval, and after an isometry of L^, 
write 

where s, 9 and t are all real analytic functions / ^ M. We assume that s and f never vanish at 
the same time, so that is well defined on J. 



The equations (4. 1 1 suggest that we choose a frame Fq to be the rotation about the ;iC3-axis 
which rotates [cos 0,sin0,O]^ G so that it points in the —62 direction: 

(4.2) /q: , ^ 

The normalization of 9 means that /b(0) = /. Then 

(4.3) iV'A^b = ^(-e2+e3), Fo-'fyFQ^ti-e2 + e3). 
Comparing this with equations (|4.1|i, we must have, along J, 




Hs Ht 

Rea = , Ima = — . 

4 ' 4 

Thus our regularity assumption on s and t is actually equivalent to the assumption that the 
surface is a generalized //-surface, i.e. a is non-vanishing. 



To find the X dependence of the singular frame, we know from equation ( 3.3 i that this frame 
satisfies: 

(4.4) ^o,^d/'.= |(_,;^-3+,;^-l aX-^-) + [0 -ir) + [aX -aX^ j 
Evaluating at A = 1 and comparing this with the Maurer-Cartan form of our frame: 



and using the above formula for Ima, we obtain along J the values : r = ^{9x+Ht), and 



b — ^iHt. Substituting a, b and r into equation (4.4 1 and extending holomorphically, gives the 

singular holomorphic potential i^g,. The non-degeneracy condition r — lmb^Q for the singular 
curve is 

(4.5) 9, ^ 0. 

Theorem 4.1. Suppose given a real analytic function fo'. J L^, such that ^ is a null vector 
field, and an additional null real analytic vector field v{x), such that v{x) is a scalar multiple 
of ^{x) for each x £ J. Suppose also that the vector fields do not vanish simultaneously at 
any point x G 7. Let s and t be defined as above. Let be the singular holomorphic frame 



obtained by analytically extending the 1-form F^ dF^ given by {4.4 \, with 



^{-s + it), b=^iHt, r^^{9,+Ht), 
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to some simply connected open set containing J, and integrating with initial condition <t>(B (0) = 
/. Suppose that '!> = OoOi maps at least one point into Then the surface 

f{x,y) .9\{^^{x,y)) + i^ej +/o(0), 

is the unique weakly non-degenerate generalized H-surface such that f, fx and /,, coincide 
respectively with fo, ^ and v along the real interval J. 

Uniqueness here is understood to mean that the two surfaces are both defined and agree on 
some open subset of C containing the interval J. We remark that a condition that guarantees 
that <t> maps at least one point into the big cell is that is not parallel to ^ (that is, 0^ 7^ 0) 
at some point on J. 

Proof By construction, and with the assumption that <I>^^ (^1 j) is non-empty, / is a general- 
ized //-surface that has the required values along J, so we need to show uniqueness. 

Suppose / is another generalized //-surface satisfying the Bjorling data. It is necessar- 



ily weakly non-degenerate. By Theorem 3.6 there exists a standard singular holomorphic 



potential and singular holomorphic frame such that ,^'1(^0,) = / + translation. No 
coordinate change is necessary, since the condition that / is not immersed along J implies that 
the holomorphic extended frame defining / akeady maps / into ^1 . 

Let Gio be the singular frame obtained by the Iwasawa decomposition = GcoBa, with 



B(o G '^J. As shown in the proof of Theorem 3.3 the map / satisfies, at points z e 7, 
(4.6) 

. _ -4Re(AA-^) / / -iX\ - . _ 4lm{AX-^) ( i -iX 
Go> f.Goy- G„ /,,G„- (^.^_, 

where 'P^M^ ^ ( B ) ^ ''^ + ^('^)' ^ '■— ^a>(0\- On the other hand, we have, by 



assumption that f^ and /,, satisfy the equations (4.3 1, namely, along J, 

fx = sFo (-62 + 63) F(f ' , fy = tFo (-62 +ei)FQ\ 

We will first show that we can assume, without loss of generality, that Re A = — ^ and ImA 

4 



^' as follows: comparing the equations above, it follows that, wherever i 7^ 7^ f we have 



t -s 

=: K. 



ImA ReA 

At least one of s{x) or f (x) is non-zero at each x E J, and so K" : / M is well defined and 

2 



non-vanishing. Let /3 be the holomorphic extension of -^^^^ to a simply connected open set 



,yl^ C C which contains J. Set 

'p-' 



4>' ■.= 4> 



j3 



Then .5^(*P') = ^(4*) because the factor in the Iwasawa factorization is the same for both 
of these. So we can replace ^ by 4'' and we have 

(4")-'d4"=(^^_^25 o)A->dz + o(A), 

where a = ¥ (^-^ + '0 J- The new singular frame G'^, which is obtained from the factoriza- 



4 

tion of *'cof' =; = G'^B'^ satisfies ^i(G'„) = ^i(Gffl) = / + translation, but the frame 
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now also satisfies, along J, the analogue of equations (4.6 1, replacing A with a—^ {—s + it). 
But the frame Fg, constructed above for / also satisfies the same equations. This implies that 

F"' (7' I ~f 
^ m ^ a)\j ^ I 



where T : 7 — > commutes with the matrix 



I 



-iX 

,IA ' —I 

matrices are normalized to / at z = 0), shows that T must be of the form 



A computation (using that all 



T = 



1 - iR iR 
iR 1 + iR 



R:JxS 



where R depends on the loop parameter A . Now 

= 2^ (^'oTeif-'P^' +2iX{^F^)F^ 



2ilF^{j^T)T-'F^ 



yi{Fco) 



1 

H 



iR^ 



R - iR' 



R + iR^ -iR^ 



iXF„ 



dR 



'I I 
i i 



1=1 
-1 



CO 



1=1 



We can use the assumption that f — f along J, that is, ,S^i {G'a^) = S^i {Fa,) + translation, along 
J. Since all maps are normalized to the identity at z = 0, this translation is actually the zero 
vector It follows from this and the formula for S^i (G'^,) that 



iR^ R - iR^ 
R + iR- -iR- 



dR (- 



dX \-i i 



1=1 



This gives the pair of equations 
dR 



Hence R 



1=1 



iR-" 
= 0, that is. 



= 0, 



1=1 



G' 



R - iR-" - 



Fo. 



dR 
dX 



= 0. 



1=1 



But we already saw, in the paragraphs preceding this theorem, that, given that we know the 
value of a along J, the singular frame Fa, is then uniquely determined by its value Fq along J. 
Hence G'^, — Fa, and f — f- □ 

4.1. Example. Choose I — R, and the singular curve to be the helix in given by /o(x) = 



[sin(.x), — cos(x), x] , — [cos{x), sin(jc), 1] and v{x) — fx(x). Then 9{x) —x,s^ 
K. We have a ~ U;{—l+i),b= liH and r = i(l +H). The singular potential is 



1 along 



U = 



H 



{l~i)X-^ (-1+0A-1 
(l-/)A-3+2a-i -(l-OA-2) 

-(1+/)A2 -2/A + (1+/)A3 
-(1 + /)A (1+0A2 



2/(1 



HJ 





-2/ ( 1 - 



dz. 



The corresponding translated frame, 4> = ^a)(0\ has, from equation (3.5 1, standard potential: 



4> M4>: 



H 



I (-1 + 0A- 

-4/(l + l)A-' 



-2/A + (l+0A' 



2i 



dz. 
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A xB = --Ad^3[A,B] 



5. Identifying singularity types via the Bjorling construction 

In this section we find the conditions on the Bjorling data for the surface constructed to have 
a cuspidal edge, swallowtail or cuspidal cross cap singularity in a neighbourhood of a singular 
point. If one considers non-degenerate //-surfaces parameterized by germs of their Bjorling 
data at some point, then one can see that these are the generic singularities within this class. 
However, see the comments in Section [T3] 

We first show that every weakly non-degenerate //-surface is a frontal, and then use the cri- 
teria in |16J and [llj for a frontal to have these types of singularities. Examples are illustrated 
in Figure |2] 

5.1. The Euclidean normal to a generalized //-surface. The commutators of our basis ma- 
trices satisfy [e\.e2] = — 2e3, [62,^3] =2ei, and [e3,ei] = 2e2, and from this it follows that the 
Euchdean cross-product on the vector space M? corresponding to is given by 

1 
2 

where [, ] is the matrix commutator, wAAdx denotes conjugation by X. Let || • \\^ denote the 
standard Euclidean norm on M? . 

Let / be a generalized //-surface with holomorphic frame <I>. Since /, and /,. are parallel at 
singular points, the cross-product of these vanishes there. Recall that the big cell is the union 
of two disjoint open sets, — SS'li U j. It turns out that one achieves continuity across 
the singular set C by defining, on E°, the Euclidean {unit) normal as follows: 

ng(z):=£ ""^ii e(z)-±l, forz e O-^^ti). 

The two sets <i>^^ (^j'^J are open and disjoint, so n^ is a real analytic vector field on E°. 

Lemma 5.1. Let f : T,s ^ be a weakly non- degenerate generalized H-surface. Then the 
Euclidean unit normal extends across C — O^' to give a real analytic vector field on H^. 
At a point z q £ C , if coordinates are chosen so that the singular holomorphic frame <I>a) defined 
I satisfies ^mizo) = I, then the Euclidean normal is given at zq by 



3.6 



in Theorem 

(5.1) n£(zo) = -^(62+63)- 

If F(a is the singular frame obtained from then, at nearby singular values z € C, the Eu- 
clidean normal is the unit vector in the direction of 

(5.2) KE=Ade,Fa,i-e2+e3)F^\ 

Proof. On a neighbourhood, H C E, of zo G C we can assume by Theorem |3.6| that / is defined 
by a standard singular holomorphic frame <I>(u with ^mizo) = /, with coordinates such that 
zo = 0, and that there is an interval 7 = £2 n M containing such that J C C. On an open 
dense subset, £2° = £2n E°, of £2, we can Iwasawa factorize the standard holomorphic frame 
<l> = 4>ffl (Bi as 4> FB, with F e'^,B e W^. Now we have, 

/. = IMFceiFc', f, = \fy\Fce2Fc' 

= \f,\FDeiD-'F-\ fy = \fy\FDe2D-^F-' 



where Fc and D are given at equation ( 3. 13 1, and so points in the direction of 

X = e{FDeiD-^F-^) X {FDe2D-^F-^) 



= eAde^iFe^F 
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As in the proof of Lemma [34] by Lemma |Z6j we have 

4> = FB ^^a(Oi^Fa,Bai(Oi 
= FaKB' , 



where F — eFaK, Ba, = 
are C-valued. We also have 

On £1° we can write 



P 

p-' 



n 
V 



A + o(A^), and p : £2 ^ M+, and jU and v 



X = eAd^3 {F^Ke-iK-^F^ 



Since F^ i s rea l analytic on the whole of £2, we only need to analyze Y := eKejK ' . According 
to Lemma 2.6 we can choose K as 



K = 



eh 

/z:=|M + p|'|p|'-L 



Then 



and 



ie{uu + vv) 
2iuv 



l«l'-|vP = e. 



— 2/mv 
-/e(MM + vv) J ' 



= (i«i^+|v|2)2+4|«nv| 



|2|..|2 



= 1 

The unit vector in the direction of Y is 



(e + 2HY + 4(e + |vn|v|- 

r 



(5.3) 
where 



Y = (1+8/1-' (!+/;-')) 

Z1+Z2 -(jU+p)pZi\ 



(5.4) Zi:^E2h-\l+8h-\l+h-^)-2, Um,,^oZi 



1 V dZi 1 

-7= , hm — — = 

\/2 h^o dy 2^/2 



(5.5) 



Z2 : = e ( 1 + 8/!" ' ( 1 + ' 2 , hm/,^0 Z2 = 0, 



lim 



5Z9 



1 



Thus F is a well-defined real analytic vector field which, for real values of z, that is when 
jj. =0 and p = 1 , has the value 

Y{x)^^{-e2+ei). 

Substituting this for eKe^K^ ' in the expression for X above, gives the stated formulae for 



n£(zo) and n£(x) 



□ 
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Lemma 5.2. Let f be a generalized H -surface constructed from the Bjdrling data in Theorem 



4.1 At z — Q, the derivative diig of the Euclidean unit normal is given by 



(5.6) 



^ Ht . 



Proof We showed in the previous lemma that = BX, for some real-valued function j3 and 
X — Adej{Fo)YF^^), where Y is given by equation (5.3 i. We also have that X{0) = n£(0), 
which means that j3(0) = 1. Now (ngjdng)^ = 0, and X is parallel to ng, so it follows that 

dn£ = dpx + j3dX 

= j3(dX-(dX,n£)£n£), 

and we need to compute 

dX = Ad,3 {Fa, [F^'dFa, , Y] F^^) +Ade, (F^dFF^ ') . 
At z = 0, we have, using Uco and Va from p.6[), 



Fco\Fa)x - 



iOx (\ 

-1 



^i 
Ml iMii 



'2 2' 
2 ' 



and, by the formulae hy = — 4(r — Imb), jXy = lib and p,. = — r from the proof of Theorem 

h = 0, h^ = 0, hy ^ -20V, 
^ = 0, Mv = 0, Hy=Ht, 

p = i, p, = o, py = -^{e,+Ht). 



3.3 



Using these and the formulae (5.3 i-(5.5 i one obtains, at z = 0, 



Xr 



'V2 



ei, 



X,: 



Ht 

V2 



Together with the value = i^(e2 + ^3) at z = 0, and j3(0) = 1, this gives the expression 
(5;^fori3(dX-(dX,n£)gn£)| □ 



Lem ma 5.3. Let / ; Ej — >■ L be a generalized H-surface constructed by the data in Theorem 
ij] with Offl(O) = 4>(0)a)f ' = /. Set sq := -1^^ and to := ^'"^ so that 

fx^so{~e2+e3), />• = fo(-e2+e3), 

Let \j/ : E.5 -^R be defined by 

¥ = £\\.fx^.fy\\E, 
where e(z) = ±l,/or z G <I>"^(^fj. T/zen of z = 0, 



(5.7) 



dy/ : 



16|a|(Imfc-r) ^ + 



dy. 



In particular, dv/(0) = ^ lmb{0) - r{0) = 0. 

Proof. At points away from t he re al line, we have the decomposition <I> = FB, and the coor- 

is: Fc := FD, with D = diag (e'(i + f ) 



dinate frame found in Lemma 



3.4 



-'■(t + I ) ), and fl 



\a\e'^. The metric is given by di^ —4g^ (djc^+dy^), withg^e^^ and;^ = +pp — p-2| 
And we have: 



(5.8) 



f, = 2egFce,Fc\ 



fy^2egFce2Fc\ 



N^Fce^F^^ 
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where is the Lorentzian unit normal. Now 



so we can write xj/ — e\\fx x fy\\E as 

V/ = 4gr, r:=eg||A?||£. 
Ahhough g — > and ||A^||£ oo as z R, we can get an explicit expression for the product F. 
Writing Fc = (^^g , the equations (5.8 i then imply that, as z — > 0, we have the finite limits: 



to 

^4' 



tQ 



which imply 



Now 



so 



7 1 9 1 

egA-" -> - - (fo + iso), SgB^ - {-to + iso) 



N = i 



e(|A|2 + |B|: 
2AB 



-2AB 
-e(|A|2 + |B|2 



r = eg\\N\\E = eg{{\A\' + \B\^f+4\A\^\B 



|2|D|2U 



= {g^{\Af+\B\U6\A\^\B\y 




limr = 

This limit is non-zero because a is non-vanishing. 

Similarly, the terms £gA^ and £gB^ also have well defined derivatives as z — >^ K, following 
from the second derivatives of /. Since £gA^ and EgB^ are non-zero at z = 0, their absolute 
values are also differentiable there. Hence the derivative dP has a well defined finite limit as 
z ^ G K. 

Returning to = A-gF, we have 



Lemma 



3.4 



informs us that lim,- 
the lemma follow. 



d v/(0) = Hm {4dg F + 4g dF) . 
^Qg = and lim,^o §f = 



from which the claim of 

□ 



5.2. Frontals and fronts. Let f/ be a domain of K^. A map f : U ^ into the three- 
dimensional Euclidean space, is called a frontal if there exists a unit vector field n^ : f/ — > 
such that Ue is perpendicular to f^^iTU) in E^. The map L = (/, n^) : f/ — > x §^ is called 
a Legendrian lift of /. If L is an immersion, then / is called a front. A point p E U where a 
frontal / is not an immersion is called a singular point of /. 

Suppose that the restriction of a frontal /, to some open dense set, is an immersion, and for 
some given Legendrian lift L of /, there exists a smooth function y/ :U such that, in local 
coordinates {x,y), 
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Then a singular point p is called non-degenerate if dy/ does not vanish there. In this situation, 
the frontal / is called non-degenerate if every singular point is non-degenerate. 

Lemma 5.4. Let f : iJ be a weakly non- degenerate generalized H-surface. Let iig 



denote the Euclidean unit normal defined in Section 5.1 Let E denote the vector space L 
with the standard Euclidean inner product {■)^. Then the map f :T,s ^ E^, together with the 
Legendrian lift L = (/, n^) : E — > E-' x defines a frontal. The surface is non- degenerate as 
an H-surface, in accordance with Definition\3.5\ if and only if it is non-degenerate as a frontal. 



Proof. By Lemma 5.1 the map iig : Ej §^ is well defined and real analytic, and so L = 
(/, iif) is a real analytic Legendrian lift of /; in particular, / is a frontal. Regarding degenerate 
points, the map i// above is the signed Euclidean norm e||/, x /vHf, discussed in Lemma 5.3 



and we showed there that dy/ vanishes at a singular point if and only Imb — r does. The latter 



expression is, according to Theorem 3.3 the derivative of the function h, which was used 



previously to define degeneracy. □ 
Lemma 5.5. Let f be a non-degenerate generalized H-surface constructed from the Bjdrling 



data in Theorem 4.1 Then f is a front on a neighbourhood ofz = if and only if 

t(0)^Q. 

Proof. According the assumptions of the Bjorling construction, df — s{Q){—e2 + eT,)dx + 

dn£ — ^^eidx + (e2 — e^)dy. It follows that the map 



t(0){—e2+eT,)dy. By Lemma 
dL = (d/,dn£) has rank 2 at 



5.2 



if and only if f(0) 7^0. □ 



5.3. Cuspidal edges and swallowtails. At a non-degenerate singular point, there is a well- 
defined direction, that is a non-zero vector Tj e TpU, unique up to scale, such that d/(Tj) = 0, 
called the null direction. 

A test for whether a singularity on a front is a swallowtail or a cuspidal edge is given in 

m- 

Proposition 5.6. ('fl61j. Let f : U be a front, and p a non-degenerate singular point. 

Suppose that y : (—5,5) U is a local parameterisation of the singular curve, with parameter 
X and tangent vector /, and 7(0) = p,. Then: 

(1) The image if f in a neighbourhood of p is diffeomorphic to a cuspidal edge if and only 
if ri{0) is not proportional to /(O). 

(2) The image if f in a neighbourhood of p is diffeomorphic to a swallowtail if and only 
ifr\[Q) is proportional to /(O) and 

'^;det(7'(x),T7(x)) 



dx 

We can use this test to prove the following result: 



Theorem 5.7. Let f be a non-degenerate generalized H-surface constructed from the Bjorling 
data in Theorem\4.1\ Then: 



(1) / is locally diffeomorphic to a cuspidal edge at zo ^0 if and only if 

f (0)7^0 and .9(0)7^0. 

(2) / is locally diffeomorphic to a swallowtail at zo ^0 if and only if 

f (0)7^0, i(0)-0 and ^^(0)^0. 
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Proof. By Lemma 5.5 / is a front at z = if and only if f (0) 7^ 0, so we can use the proposition 
above. We also have, along J, 

fx = sFq (-62 + ea ) ^'o" ^ fy = tpQ {-62 +e3)FQ\ 

and the null direction is 

(5.9) ri{x)=t(x)^-s{x)^. 

ax ay 

Writing x + iy — \x.,yY , the singular curve is given by y(x) = [x, 0]^ and the null direction by 
v\(x) — \t{x).,—s{x)Y , and so the criteria in Proposition 5.6 imply the claim. □ 

5.4. Cuspidal cross caps. From ifTTl (Theorem 1.4), one has the following test for whether a 
non-degenerate frontal is locally a cuspidal cross cap: 

Theorem 5.8. f| 11 |.j Let f : U ^ be a frontal, with Legendrian lift L = (/,n£), and let zo 
be a non-degenerate singular point. Let X :V be an arbitrary differentiable function on 

a neighbourhood V ofzo such that: 

(1) X is orthogonal to iig. 

(2) X{zo) is transverse to the subspace ftiTzgiV)). 
Let X be the parameter for the singular curve, and set 

\j/{x):^{nE,dX{r]))i,\^. 

The frontal f has a cuspidal cross cap singularity at z = Zo if and only: 

(A) T](zo) is transverse to the singular curve; 

(B) v/(zo) ==Oflnt/i/'(zo) ^0. 

Theorem 5.9. Let f be a non-degenerate H -surface constructed from the Bjdrling data in 
Theorem \4.1\ Then f is locally diffeomorphic to a cuspidal cross cap around z = if and only 
if the following conditions hold: 

i(0)^0, f(0)=0 and £f (0)7^0. 

Proof. In a neighbourhood of 0, the singular curve is given by an interval J = {xi^X2) of the 
real line. Recall from the proof of Lemma 5.2 that we found the following formula for n^: 

n£ = ^Ad^3(f(uFf^ Y = aei+beo+ce-i, 
fl = Im(jLi)pZi, /7 = -(Re(jU)+p)pZi, c = Zi+Z2, 

and along J we have: Z\ — Z2 — 0, a — 0, b = —1/^/2 and c = 1 /a/2 so that Y — "^(^^2 + 
63) for real values of z- 

We will apply Theorem 5.8 with the vector field defined by the cross product: 

X = {Ade,Fcoe2Fco^) X {Ade.FcoYFo,') 
= --F(o[e2,aei+be2+ce^]F^^ 
= -Fm{ce\+aeT,)F^ 



-1 



X is orthogonal to iig because Ade^FaYFf^ ' is proportional to n^. Along J we have 

/v = ^^b(-e2+e3)^i^^ /y = r^o(-e2 + e3)^'o"', X = --^^bel^\^^ 

so X is transverse to f*{TzQ(y))- That is, X satisfies conditions [T| and |2]of Theorem 



5.8 
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Now consider the conditions (A) and (B). The null direction along J is given by 77 = f ^ — 
5^, and this is transverse to the singular curve at zo = if and only if 5(0) 7^ 0, so our first 
condition is equivalent to condition (A). 

To investigate i/, we need an expression for (n^ , dX)^ along /. Now 

dX = -cd{Fa,e\Fy^^) - aA{Fo,e-iFfj^^) - Ac AAp^^ex -daAAp^e^. 
Along J we have da = d(Im/i) • ^ • 1 = 0, because we earlier computed d/i = HtAy which 

is real. We also have a — Q, and ^n^ , Ad/r^ei = (^2 + ^3) , ei ^ =0. We used that Fq 

takes values in SU{2) and so preserves the Euclidean inner product. Hence only the first term 
in the above expression for dX" contributes to (n^ , dX)^: 

{tie ,dX)j,\j = --^ (n£, d(F„eiF^ ^)) 

To compute this, we use: 

Fo,\Fco), = Uco+V^, 



F^\F^), = i{Ua,-Va,), 



where, from equation ( |3.6[ ), at A = 1 



2ilma + ir 2ilma + b 
2ilma + b 2i\ma — ir 



— 2/Refl 
—2iRea + ib 



2;Refl — ib 
2/Refl 



With this and s = f 



{FmeiFf 



'^,b=\iHt, and r=\{Ox+Ht) one obtains along J 



= Fa 



Ailma — 2i\mb —4ilma + 2ir 
4iTmfl — 2i> — 4/Ima + 2iImfe 



7-1 



{F(oeiF^% 



;.-I 



Fo[iiUoy-V(o),ei]FQ 

_ /4/Refl-2/Refe -4/Refl 

~ ^\ 4/Refl -4/Refl + 2/ReZ7 

= FoHs{e2-eo,)FQ\ 

Hence we obtain the following expression along J, 

W = (n£,dX(T7))£|^ 

1 1 

V2V2 
1 

~2 
1 

"2 

Condition (B) of Theorem |5. 8 1 is thus equivalent to the pair of equations 



^-1 



: ((Adg3Adfi,(-e2 +63) , tX,, - sXy)^^ 



0, 



df 



d^ 

djc 



^0. 



x=0 



Since 7^ 0, this pair of equations is equivalent to f (0) =0 and ^ (0) 7^ 0. 



□ 
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